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We develop a method for integrating out the heavy Kaluza-Klein modes of scalar type as well as
those of vector and axial-vector types, in a class of hard-wall bottom-up approaches of holographic
QCD models, including the Dirac-Born-Infeld and Chern-Simons parts. By keeping only the lowest-
lying vector mesons, we first obtain an effective chiral Lagrangian of the vector mesons based on the
hidden local symmetry, and all the low-energy constants in the HLS Lagrangian are expressed in
terms of holographic integrals and, consequently, are fully determined by the holographic geometry
and a few constants of mesons. We find that the Gell-Mann–Oakes–Renner relation is manifestly
reproduced at the lowest order of derivative expansion. We also explicitly show that a naive inclusion
of the Chern-Simons term cannot reproduce the desired chiral anomaly in QCD, and hence, some
counterterms should be provided: This implies that the holographic QCD models of hard-wall type
cannot give definite predictions for the intrinsic parity-odd vertices involving vector and axial-vector
mesons. After integrating out the vector mesons from the HLS Lagrangian, we further obtain the
Lagrangian of chiral perturbation theory for pseudoscalar mesons with all the low-energy constants
fully determined.
PACS numbers: 11.25.Tq, 11.30.Rd, 12.39.Fe
I. INTRODUCTION
Holographic QCD (hQCD), based on the
gauge/gravity duality [1, 2], has provided a novel
approach to the low-energy dynamics of the strong
interaction [3–6](for a recent review, see, e.g., [7]). In
such an approach, the hQCD action is often written
in five-dimensional anti-de Sitter space (AdS), so it
is called AdS/QCD. The five-dimensional bulk fields,
which satisfy the classical equations of motion, at the
ultraviolet (UV) boundary serve as the sources of the
QCD generating functionals of the connected Green
functions in four-dimensional space-time, while their
infrared (IR) boundary conditions (BCs) give rise to
the discrete and infinite Kaluza-Klein (KK) tower of
normalizable modes, which correspond to the infinite
number of hadrons of QCD in the large Nc limit.
In contrast to the large Nc physics expanded in terms
of an infinite tower of hadrons, the low-energy dynam-
ics of real-life QCD should be described by some spe-
cific effective theories, in which the dynamical degrees of
freedom, appropriate only to the low-energy region, are
included, with the effects from heavier resonances fully
integrated out. For example, for describing the mesonic
physics below O(100) MeV, it is sufficient to take into
account only pseudoscalar mesons, arising as the pseudo
Nambu-Goldstone bosons (NGBs) associated with the
spontaneous breaking of chiral symmetry. However, if the
interesting scale is at O(1) GeV, the lowest-lying vector
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mesons, in addition to the pseudoscalar mesons, should
be present in the effective theory.
The purpose of this paper is to make a direct link be-
tween the hQCD, including an infinite number of QCD
hadrons and low-energy effective theories described only
by low-lying mesons in four-dimensional space-time, such
as chiral perturbation theory (ChPT) of pseudoscalar
mesons [8] and chiral effective theory of vector mesons
based on the hidden local symmetry (HLS), which in-
cludes the vector mesons in addition to the pseudoscalar
mesons [9] (for reviews, see Refs. [10, 11]).
Actually, in Refs. [12, 13], the authors proposed a
gauge-invariant methodology for integrating out the in-
finite tower of vector and axial-vector fields arising from
hQCD models of the top-down approach such as the
Sakai-Sugimoto model [3, 4], without bulk scalar fields,
by regarding an infinite tower of the vector and axial-
vector mesons in the hQCD model as a set of gauge
bosons of HLSs [14]. The hQCD models were then re-
formulated in terms of the ChPT having the HLS (HLS-
ChPT) [11, 15] described by the NGBs, and the ρ meson
and its flavor partners.
In the present study, as an extension of the work in
Refs. [12, 13], we propose a gauge-invariant procedure
for integrating out the infinite towers of scalar and pseu-
doscalar fields, in addition to vector and axial-vector
fields, from hQCD models: The resultant effective the-
ory is reformulated as the HLS-ChPT. To be concrete,
we employ bottom-up hard-wall-type of models such as
those discussed in Refs. [5, 6] for QCD and [16] for appli-
cations to both QCD and other strongly coupled gauge
dynamics. Our method is also applicable also to other
types of hQCD models.
Compared to the Sakai-Sugimoto model, the most re-
2markable feature in models with bulk scalars is the in-
clusion of the effect of the explicit breaking of chiral
symmetry via the current quark masses, which is en-
coded in the vacuum expectation value (VEV) of the
bulk scalar. Thus, the method presented in this pa-
per is highly nontrivial and valuable and makes it more
straightforward to give holographic predictions in terms
of the well-established chiral effective theories, ChPT or
HLS-ChPT, including the effect from the explicit break-
ing of chiral symmetry.
After integrating out the heavy KK modes from hQCD
models and keeping only the NGBs and the lowest-
lying vector mesons, we arrive at the chiral effective
theory of pions and vector mesons, HLS-ChPT, up to
the O(p4) terms, based on the derivative expansion
which follows from the appropriate chiral-order count-
ing rule. One thus automatically reproduces the Gell-
Mann−Oakes−Renner (GOR) relation from the O(p2)
terms of the HLS-ChPT reduced from hQCD models,
which are appropriately affected by the O(p4) terms as in
the case of the ChPT/HLS-ChPT. The low-energy con-
stants of the HLS-ChPT are actually expressed in terms
of a few intrinsic quantities in hQCD models, which can
be controlled by the equations of motion of the five-
dimensional fields and some empirical values. There-
fore, our procedure will provide a systematic way to es-
timate the low-energy constants of HLS-ChPT and con-
sequently compute some physical quantities by using the
HLS Lagrangian, including all the contributing terms up
to O(p4).
We also find another remarkable observation regarding
the intrinsic parity (IP)-odd sector at the O(p4) level:
Because of the presence of the IR boundary in the case of
hard-wall-type models, not only the Chern-Simons (CS)
term but also certain counterterms have to be taken into
account in order to correctly reproduce the desired chiral
anomaly in QCD. As one concrete sample, we present an
explicit form of the counterterms, which, however, does
not turn out to be a unique choice.
By integrating out the KK modes, keeping only the
ρ meson (and its flavor partners), the CS term (plus
the counterterm) is reduced to the IP-odd part of
the HLS-ChPT, which is constructed from the (covari-
antized) Wess-Zumino-Witten term [17] plus HLS/chiral-
invariant terms [18] 1. The coefficients of the HLS/chiral-
invariant terms are then represented fully in terms of
the holographic integrals, though those coefficients are
not uniquely fixed by the hQCD model itself because
of the ambiguity in the choice of the counterterm: The
hQCD models of hard-wall type cannot give definite pre-
dictions for IP-odd vertices involving vector and axial-
vector mesons.
We further integrate out the lowest-lying vector
mesons from the HLS Lagrangian to reach the ChPT,
1 Similar invariant terms were discussed in [19] based on a different
treatment of ρ meson field.
including terms up to O(p4) [20, 21]. By this procedure,
the low-energy constants of the ChPT Lagrangian are ex-
pressed in terms of the parameters of the hQCD models.
We then find that the low-energy constants L9 and L10
in the ChPT Lagrangian satisfy L9+L10 = 0, leading to
a vanishing pion axial-vector form factor, denoted as FA
by the Particle Data Group [22].
The exploration of chiral effective theories from
bottom-up hQCD models has so far been performed by
several authors, such as those in Refs. [23, 24]. In these
analyses, the bulk scalar fields are not present so the ef-
fect of the explicit breaking of chiral symmetry via the
current quark masses is not included. As for the IP-odd
terms, in Ref. [24] the CS term has been discussed in the
bottom-up hard-wall model; however, the effect of the IR
BC was not pointed out. In Ref. [25], the authors argued
that, to reproduce the exact IP-odd action responsible
for the piγ∗γ∗ coupling in four dimensions, a countert-
erm should be added to the original CS term to elimi-
nate the surface term at the IR boundary. In contrast,
in the present work we present a complete expression for
the counterterms, including the IP-odd part written in
terms of five-dimensional gauge fields, not restricted to
specific terms like piγ∗γ∗, though the IP-odd part involv-
ing vector and axial-vector mesons is not uniquely fixed.
This paper is organized as follows: In Sec. II we explic-
itly show how the chiral symmetry and HLS are incor-
porated in hQCD models and then perform the KK de-
composition for the bulk fields so as to reduce the hQCD
model to four-dimensional gauge theory, including the
infinite tower of the KK modes. In Sec. III we derive
the IP-even part of the HLS-ChPT from the Dirac-Born-
Infeld (DBI) part of the hQCD model. In Sec. IV the
IP-odd part is also integrated out from the CS term,
and the necessity of the counterterms for the IR value
of the CS term is proposed. In Sec. V the reduction to
the ChPT is performed, and the implications of the low-
energy constants of the ChPT Lagrangian are discussed.
Our summary is given in the last section.
II. PRELIMINARY FOR THE
INTEGRATING-OUT PROCEDURE
Let us start from certain types of hQCD models, such
as the ones proposed in Refs. [5, 6] and their modifica-
tions [16, 26–28]. These models are constructed in five
dimensions with geometry ds2 = a2(z)(ηµνdx
µdxν−dz2)
where the fifth direction z is confined in a finite interval
zUV < z < zIR (hard-wall type) and a(z) is the warping
factor in five dimensions.
The field content in the hQCD model includes the
gauge fields LM and RM (M = µ, z) for the local
U(Nf )L × U(Nf )R flavor symmetry in five dimensions,
with Nf being the number of flavors, and a bulk scalar
field ΦS , which is dual to the chiral condensate. Gener-
ally, the model has the form constructed from the DBI
3and CS parts:
S = SDBI + SCS . (1)
Up to the quadratic order of the bulk fields, a generic
form of the gauge-invariant DBI part is written as
SDBI =
1
g25
∫
d4x
∫ zIR
zUV
dz
√
g
×
(
− 1
4
tr
[
LMNL
MN +RMNR
MN
]
+tr
[
DMΦ
†
SD
MΦS
]
−m2ΦS tr
[
Φ†SΦS
])
, (2)
where 1/g25 denotes the gauge coupling in five dimensions
and g = det gMN = a
10(z). In Eq. (2), the covariant
derivative is defined as
DMΦS = ∂MΦS − iLMΦS + iΦSRM , (3)
and the field strength tensor is
LMN = ∂MLN − ∂NLM − i [LM , LN ] , (4)
and similarly for RMN .
According to the holographic dictionary, the bulk
scalar mass mΦS is related to the conformal dimension ∆
of the corresponding operator in the dual gauge theory
through [2, 29]
m2ΦS = −
∆(4−∆)
L2
, (5)
with L being some characteristic length scale of the holo-
graphic model, e.g., the AdS curvature radius in the case
of the AdS background.
The CS term is written, in terms of differential forms,
as
SCS =
Nc
24pi2
∫
M4
∫ zIR
zUV
[ω5(R)− ω5(L)] , (6)
where M4 denotes the manifold of the four-dimensional
Minkowski space and
ω5(V ) = tr
[
V F 2V +
i
2
V 3FV − 1
10
V 5
]
,
FV = dV − iV 2 , (7)
for V = L,R.
A. Emergence of chiral symmetry
First we explicitly show how the chiral symmetry of
QCD is realized in the hQCD models.
We begin by choosing the following UV boundary con-
dition (BC) for the five-dimensional left- and right-gauge
fields2:
LM
∣∣∣∣∣
z=zUV
= RM
∣∣∣∣∣
z=zUV
= 0 . (8)
This boundary condition is not changed by the gauge
transformation with respect to gL,R(x, z) satisfying
∂MgL(x, z)
∣∣∣∣∣
z=zUV
= ∂MgR(x, z)
∣∣∣∣∣
z=zUV
= 0 , (9)
which can be checked by noting the gauge transformation
laws for the five-dimensional gauge fields
LM → gL(x, z)LMg†L(x, z) + igL(x, z)∂Mg†L(x, z) ,
RM → gR(x, z)RMg†R(x, z) + igR(x, z)∂Mg†R(x, z) .
(10)
This implies that there is a global symmetry at the UV
boundary, which is identified with chiral symmetry in
four dimensions. Thus, chiral symmetry emerges from
generic hQCD models.
In the action (1), the bulk scalar field ΦS transforms
under the five-dimensional gauge symmetry as
ΦS → gL(x, z)ΦSg†R(x, z) , (11)
so that the UV boundary field of ΦS also transforms un-
der the residual chiral symmetry in four dimensions as-
sociated with gL,R(x, z) at the UV boundary. The chi-
ral symmetry is thus spontaneously broken down to the
diagonal vector U(Nf )V symmetry when ΦS acquires a
nonzero VEV, and hence the associated NGBs emerge in
the model.
B. Manifest realization of hidden local symmetry
Next we show that HLS, as well as chiral symmetry,
actually emerges in the hQCD models. For that purpose,
it is convenient to work in the gauge
Lgz = R
g
z = 0 , (12)
where the superscript g specifies the fields after the gauge
fixing. This gauge fixing can be realized by a gauge trans-
formation with respect to the transformation matrices
[see Eq.(10)],
ggL(x, z) = P exp
[
i
∫ zIR
z
dz′Lz(x, z
′)
]
,
ggR(x, z) = P exp
[
i
∫ zIR
z
dz′Rz(x, z
′)
]
, (13)
2 Note that this BC does not contradict the holographic recipe
since, in the QCD generating functional, the external sources are
introduced as the gauge fields of local chiral symmetry.
4where the symbol P denotes the path-ordered product.
It should be noted that, although the five-dimensional
gauge is now completely fixed, the action is still in-
variant under four-dimensional U(Nf)L×U(Nf )R gauge
transformations which do not affect the gauge fixing in
Eq. (12). By writing the four-dimensional transformation
matrices as g˜L,R(x) = gL,R(x, z = zIR), the gauge fields
Lgµ and R
g
µ and scalar Φ
g
S transform under this residual
U(Nf )L × U(Nf )R symmetry as
Lgµ → g˜L(x)Lgµg˜†L(x) + ig˜L(x)∂µg˜†L(x) ,
Rgµ → g˜R(x)Rgµg˜†R(x) + ig˜R(x)∂µg˜†R(x) ,
ΦgS → g˜L(x)ΦgS g˜†R(x) . (14)
This residual U(Nf )L × U(Nf )R symmetry is nothing
but the (generalized) HLS. Thus, the HLS has manifestly
emerged from the hQCD models, while chiral symmetry
appears to be “hidden” in Eq. (14): Looking at the UV
boundary values for the left- and right-gauge fields,
Lgµ
∣∣∣∣∣
z=zUV
= iξgL∂µξ
g†
L , R
g
µ
∣∣∣∣∣
z=zUV
= iξgR∂µξ
g†
R , (15)
where
ξgL(x) = P exp
[
i
∫ zIR
zUV
dz′Lz(x, z
′)
]
,
ξgR(x) = P exp
[
i
∫ zIR
zUV
dz′Rz(x, z
′)
]
, (16)
one finds that these fields transform as
ξgL(x)→ g˜L(x)ξgL(x)g†L,
ξgR(x)→ g˜R(x)ξgR(x)g†R , (17)
in which gL and gR denote the transformation matrices
regarding the global chiral U(Nf)L×U(Nf)R symmetry.
We further fix the gauge degree of freedom correspond-
ing to the axial part of g˜L and g˜R to keep only the vector
part, h(x), of g˜L and g˜R
3. After this gauge fixing we
express the bulk fields Lgµ, R
g
µ,Φ
g
S , ξ
g
L and ξ
g
R in Eq.(16)
as Lggµ , R
gg
µ ,Φ
gg
S , ξ
gg
L and ξ
gg
R , respectively. We then find
that these fields transform under the residual vectorial
HLS regarding h(x) as
Lggµ → h(x)Lggµ h†(x) + ih(x)∂µh†(x) ,
Rggµ → h(x)Rggµ h†(x) + ih(x)∂µh†(x) ,
ΦggS → h(x)ΦggS h†(x),
ξggL → h(x)ξggL g†L,
ξggR → h(x)ξggR g†R . (18)
3 By using Lgµ, R
g
µ and Φ
g
S in Eq.(14), after KK mode expansion
as discussed below, one could straightforwardly derive the chiral
effective theory based on the generalized HLS approach. Instead
of proceeding along such a generalized HLS, in the present study
we focus on reduction of hQCD models to the HLS.
Under this gauge fixing, the UV boundary conditions in
Eq. (15) are changed to
Lggµ
∣∣∣∣∣
z=zUV
= iξggL ∂µξ
gg†
L ,
Rggµ
∣∣∣∣∣
z=zUV
= iξggR ∂µξ
gg†
R . (19)
By using ξggL and ξ
gg
R one can construct the chiral field U
as
U = ξgg†L · ξggR = e2ipi/Fpi , (20)
where pi denotes the NGB fields and Fpi the associated
decay constant. The chiral field U transforms in the stan-
dard manner as
U → gLUg†R . (21)
Thus, we can construct the chiral effective theory which
is invariant under the HLS, h(x), reduced from hQCD
models.
C. KK decomposition
Let us next perform the KK decomposition for the bulk
fields Lggµ , R
gg
µ and Φ
gg
S in Eq.(18) to explicitly express
the hQCD models in terms of fields in four dimensions
which are invariant under both the chiral symmetry and
the HLS.
Since the residual HLS is a vector gauge symmetry
[h(x)], we may expand the left and right gauge fields Lggµ
and Rggµ in terms of KK modes of vector and axial-vector
gauge fields V ggµ = (R
gg
µ + L
gg
µ )/2 and A
gg
µ = (R
gg
µ −
Lggµ )/2. From Eq. (18) we then see that V
gg
µ and A
gg
µ
transform under the HLS as
V ggµ (x, z)→ h(x)V ggµ (x, z)h†(x) + ih(x)∂µh†(x) ,
Aggµ (x, z)→ h(x)Aggµ (x, z)h†(x) . (22)
Note that the vector field V ggµ transforms inhomoge-
neously, like gauge fields, under the HLS transforma-
tion, while the axial-vector field Aggµ transforms homo-
geneously, like “matter” fields. The UV boundary values
for V ggµ and A
gg
µ are then, by using Eq. (19), expressed
as
V ggµ
∣∣∣∣∣
z=zUV
= αggµ|| , A
gg
µ
∣∣∣∣∣
z=zUV
= αggµ⊥ , (23)
where
αggµ||,⊥ =
1
2i
(
∂µξ
gg
R · ξgg†R ± ∂µξggL · ξgg†L
)
, (24)
which transform under the HLS as
αggµ‖ → h(x)αggµ‖h†(x) + ih(x)∂µh†(x) ,
5αggµ⊥ → h(x)αggµ⊥h†(x) . (25)
The expressions of KK decomposition for V ggµ and A
gg
µ
thus take the form
V ggµ (x, z) = α
gg
µ‖(x)ψ
V
0 (z) +
∑
n≥1
V gg(n)µ (x)ψ
V
n (z) ,
Aggµ (x, z) = α
gg
µ⊥(x)ψ
A
0 (z) +
∑
n≥1
Agg(n)µ (x)ψ
A
n (z) ,(26)
where a set of wave functions {ψV0 , ψA0 , ψVn , ψAn } has been
introduced with the UV boundary conditions:
ψV0 (z = zUV) = ψ
A
0 (z = zUV) = 1 ,
ψVn (z = zUV) = ψ
A
n (z = zUV) = 0 . (27)
In Eq. (26) we have introduced the massive KK mode
fields V
gg(n)
µ and A
gg(n)
µ which transform under the HLS
as
V gg(n)µ (x)→ h(x)V gg(n)µ (x)h†(x) + ih(x)∂µh†(x) ,
Agg(n)µ (x)→ h(x)Agg(n)µ (x)h†(x) . (28)
The zero mode wave function ψA0 is determined by
solving the eigenvalue equation derived from the action
Eq. (2),
∂z(a(z)∂zψ
A
0 (z))− 4a3(z)(Φ0S(z))2ψA0 (z) = 0 , (29)
where Φ0S(z) is the VEV of the bulk scalar field ΦS which
will be given later. The eigenvalue equation (29) could
be solved by considering the BCs
ψA0 (z = zUV) = 1 ,
∂zψ
A
0 (z)
∣∣∣∣∣
z=zIR
= 0 , (30)
in which the IR BC has been set so as to eliminate the
IR value of the axial-vector fields in the action as done
in Ref. [6]. Similarly, from the action Eq. (2), we obtain
the eigenvalue equations for the massive KK mode wave
functions {ψVn , ψAn }
0 = a−1(z)∂z(a(z)∂zψ
V
n (z)) +m
2
Vnψ
V
n (z) ,
0 = a−1(z)∂z(a(z)∂zψ
A
n (z))− 4a2(z)(Φ0S(z))2ψAn (z)
+m2Anψ
A
n (z) , (31)
with the BCs
ψVn (z = zUV) = ψ
A
n (z = zUV) = 0 ,
∂zψ
V
n (z)
∣∣∣∣∣
z=zIR
= ∂zψ
A
n (z)
∣∣∣∣∣
z=zIR
= 0 , (32)
where the vanishing IR boundary values for the massive
KK fields have also been taken into account.
Note that the HLS transformation properties for
V ggµ (x, z), α
gg
µ‖ and V
gg(n)
µ in Eqs. (22), (28) and (25)
constrain the wave functions ψV0 and ψ
V
n as follows:
ψV0 (z) +
∑
n≥1
ψVn (z) = 1 , (33)
which allows us to rewrite the KK decomposition form
of Vµ(x, z) in Eq. (26) as
V ggµ (x, z) = α
gg
µ||(x) +
∑
n≥1
(V gg(n)µ (x)− αggµ||(x))ψVn (z).
(34)
Let us turn to the KK decomposition for the scalar sec-
tor. The bulk scalar field ΦggS can be parametrized by the
scalar and pseudoscalar fields, Sgg(x, z) and P gg(x, z), as
ΦggS (x, z) = vS(z) + S
gg(x, z) + iP gg(x, z) , (35)
where vS(z) denotes the VEV of the bulk scalar in the
chiral limit, related to the chiral condensate, which cor-
responds to the normalizable solution of the equation of
motion for Φ0S(z) = 〈ΦS(x, z)〉:
∂z
(
a3∂zΦ
0
S
)− a5m2ΦSΦ0S = 0 . (36)
For simplicity, the vS(z) is assumed to be Nf -flavor di-
agonal, ∝ 1Nf×Nf , and the explicit expression will be
specified once the warp factor a(z) is fixed. According
to the holographic recipe, the non-normalizable solution
of Eq.(36), which we write as uS(z), serves as the source
terms (χS , χP ) for the scalar and pseudoscalar currents
at the UV boundary. The uS(z) is thus embedded in
the UV BCs of the bulk fields Sgg(x, z) and P gg(x, z) as
follows:
Sgg(x, z)
uS(z)
∣∣∣∣∣
z=zUV
= χS(x) ≡ χˆ(x) + χˆ
†(x)
2
,
P gg(x, z)
uS(z)
∣∣∣∣∣
z=zUV
= χP (x) ≡ χˆ(x) − χˆ
†(x)
2
. (37)
When the warping factor a(z) is chosen in such a way that
the metric asymptotically goes like the AdS, one can see
that uS(z) has the following UV asymptotic form:
uS(z) ∼
( z
L
)4−∆
as z → zUV(→ 0) . (38)
Note that the UV boundary values χS and χP play the
role of spurion fields corresponding to the sources of the
scalar and pseudoscalar currents with scaling dimension
∆, which can be expressed byM, the current-quark mass
matrix accounting for the explicit breaking of the chiral
symmetry, as
χS =
ξggL Mξgg†R + ξggR Mξgg†L
2
,
χP =
ξggL Mξgg†R − ξggR Mξgg†L
2i
. (39)
In particular, the scalar spurion field χS can be expanded
in terms of the current quark masses mq and the NGB
fields as
χS =
1
2
(
ξggL Mξgg†R + ξggR Mξgg†L
)
6=


mu
md
ms
. . .

+O(mq · pi/Fpi) . (40)
The Sgg(x, z) and P gg(x, z) can thus be expanded in
terms of their KK modes Sggn (x) and P
gg
n (x) as
Sgg(x, z) = uS(z)χS(x) +
∑
n≥1
Sggn (x)ψ
S
n (z) ,
P gg(x, z) = uS(z)χP (x) +
∑
n≥1
P ggn (x)ψ
P
n (z) , (41)
where Sggn (x) = S
ggA
n (x)T
A(P ggn (x) = P
ggA
n (x)T
A), with
TA (A = 0, · · ·N2f − 1) being the U(Nf ) generators nor-
malized as tr[TATB] = δAB/2 with T 0 = 1/
√
2Nf ·
1Nf×Nf . From Eq. (37), the wave functions ψ
S
n and ψ
P
n
satisfy the normalizable UV BCs:
ψSn (z = zUV) = ψ
P
n (z = zUV) = 0 , (42)
and the IR BCs are to be determined when an IR bound-
ary potential for the bulk scalar field is specified, for ex-
ample, as in the model proposed in Ref. [30].
D. Gauging chiral symmetry
The external gauge fields coupled to quark currents in
QCD can be incorporated by gauging the global chiral
symmetry. Because the UV boundary values of the five-
dimensional bulk fields are set to the sources in QCD,
introducing the external gauge fields just modifies the
zero mode fields αggµ‖ and α
gg
µ⊥ included in V
gg
µ (x, z) and
Aggµ (x, z) in Eqs. (34) and (26) to their covariant forms
αggµ‖,⊥ → αggµ‖,⊥ =
DµξggR · ξgg†R ±DµξggL · ξgg†L
2i
, (43)
where
DµξggR = ∂µξggR + iξggR Rµ ,
DµξggL = ∂µξggL + iξggL Lµ , (44)
with Rµ and Lµ being the external gauge fields for
U(Nf )R and U(Nf )L, respectively. The HLS transfor-
mation laws for these modified 1-forms do not change
from those given in Eq. (25).
III. THE IP-EVEN PART OF THE HIDDEN
LOCAL SYMMETRY LAGRANGIAN
We next explicitly derive the IP-even part of the HLS
Lagrangian up to O(p4) from the DBI part of the hQCD
model in Eq. (2). In the Lz = Rz = 0 gauge the DBI
part in Eq. (2) is expressed in terms of the vector and
axial-vector gauge fields V ggµ and A
gg
µ as
SDBI =
1
g25
∫
d4x
∫ zIR
zUV
dz
{
− 1
2
a(z)tr
[
V ggµν V
ggµν − 2V ggµz V ggµz +AggµνAggµν − 2AggµzAggµz
]
+ a3(z)
(
tr[DµΦ
gg†
S D
µΦggS − ∂zΦgg†S ∂zΦggS ]− a2(z)m2ΦS tr[Φgg†S ΦggS ]
)}
, (45)
where
V ggµν = ∂µV
gg
ν − ∂νV ggµ − i[V ggµ , V ggν ]− i[Aggµ , Aggν ] ,
Aggµν = ∂µA
gg
ν − ∂νAggµ − i[V ggµ , Aggν ]− i[Aggµ , V ggν ] ,
V ggµz = − ∂zV ggµ ,
Aggµz = − ∂zAggµ ,
DµΦ
gg
S = ∂µΦ
gg
S − i[V ggµ ,ΦggS ] + i{Aggµ ,ΦggS } . (46)
Following the gauge-invariant procedure proposed in
Ref. [13], we shall integrate out the KK fields to reduce
the DBI action Eq.(45) to the HLS action in terms of
the derivative expansion of the pseudoscalar meson and
the lowest-lying vector meson fields up to chiral order
O(p4). The resultant form should be the same as that
constructed from the general phenomenological consider-
ation [11, 15] with a single trace, which is consistent with
the large Nc limit
4
LHLS = L(2)HLS + L(2)χHLS + L(4)HLS + L(4)χHLS , (47)
with 5
L(2)HLS = F 2pi tr [αˆµ⊥αˆµ⊥] + F 2σ tr
[
αˆµ‖αˆ
µ
‖
]
− 1
2g2
tr [VµνV
µν ] ,
4 The notation used in Ref. [11] for terms including χˆ can be
recovered by taking BFpi = BFχ and replacing χˆ with χˆ/(2B).
5 The definition of χˆ given in Eq.(37) has been changed from that
in Ref. [11] by factoring out the parameter B and dividing by 2.
7L(2)χHLS = BF 2pi tr[χS ],
L(4)HLS = y1 tr [αˆµ⊥αˆµ⊥αˆν⊥αˆν⊥] + y2 tr [αˆµ⊥αˆν⊥αˆµ⊥αˆν⊥] + y3 tr
[
αˆµ‖αˆ
µ
‖ αˆν||αˆ
ν
‖
]
+ y4 tr
[
αˆµ‖αˆν‖αˆ
µ
‖ αˆ
ν
‖
]
+ y5 tr
[
αˆµ⊥αˆ
µ
⊥αˆν‖αˆ
ν
‖
]
+ y6 tr
[
αˆµ⊥αˆν⊥αˆ
µ
‖ αˆ
ν
‖
]
+ y7 tr
[
αˆµ⊥αˆν⊥αˆ
ν
‖ αˆ
µ
‖
]
+ y8
{
tr
[
αˆµ⊥αˆ
µ
‖ αˆν⊥αˆ
ν
‖
]
+ tr
[
αˆµ⊥αˆ
ν
‖ αˆν⊥αˆ
µ
‖
]}
+ y9 tr
[
αˆµ⊥αˆ
ν
‖ αˆµ⊥αˆ‖ν
]
+ z1 tr
[
Vˆµν Vˆµν
]
+ z2 tr
[
AˆµνAˆµν
]
+ z3 tr
[
VˆµνV µν
]
+ iz4 tr [Vµν αˆ
µ
⊥αˆ
ν
⊥] + iz5 tr
[
Vµν αˆ
µ
‖ αˆ
ν
‖
]
+ iz6 tr
[
Vˆµν αˆµ⊥αˆν⊥
]
+ iz7 tr
[
Vˆµναˆµ‖ αˆν‖
]
− iz8 tr
[
Aˆµν
(
αˆµ⊥αˆ
ν
‖ + αˆ
µ
‖ αˆ
ν
⊥
)]
,
L(4)χHLS = 4Bw1tr [αˆµ⊥αˆµ⊥χS ] + 4Bw3tr
[
αˆµ‖αˆ
µ
‖χS
]
+ 4iB w5tr
[
(αˆµ‖αˆ
µ
⊥ − αˆµ⊥αˆµ‖ )χP
]
+ 16B2w6tr
[
χ2S
]− 16B2w8tr [χ2P ] , (48)
where
Vµν = ∂µVν − ∂νVµ − i[Vµ, Vν ] ,
Vˆµν = 1
2
(
ξggR Rµνξgg†R + ξggL Lµνξgg†L
)
,
Aˆµν = 1
2
(
ξggR Rµνξgg†R − ξggL Lµνξgg†L
)
,
Rµν = ∂µRν − ∂νRµ − i [Rµ,Rν ] ,
Lµν = ∂µLν − ∂νLµ − i [Lµ,Lν ] ,
αˆµ‖,⊥ =
1
2i
(
Dµξ
gg
R · ξgg†R ±DµξggL · ξgg†L
)
,
Dµξ
gg
R = ∂µξ
gg
R − iVµξggR + iξggR Rµ ,
Dµξ
gg
L = ∂µξ
gg
L − iVµξggL + iξggL Lµ . (49)
In order to perform the integrating-out procedure, we
make the chiral order counting rule in the derivative ex-
pansion as follows:
∂µ ∼ V ggµ ∼ Aggµ ∼ O(p) ,
Sgg ∼ P gg ∼ O(p2) , (50)
which is the same rule as that in the HLS-
ChPT/ChPT [11, 15]. We identify the lowest KK vec-
tor field V
gg(1)
µ (renamed Vµ) as the lowest-lying vector
mesons, ρ and its flavor partners. Using the KK decom-
position formulas in Eqs. (26) and (34), we thus solve
the equations of motion for the heavier vector and axial-
vector fields V
gg(n≥2)
µ and A
gg(n≥1)
µ and expand them in
powers of derivatives as
V gg(n≥2)µ = α
gg
µ‖ +
O(p3)
m2
V ggn
,
Agg(n≥1)µ =
O(p3)
m2
Aggn
. (51)
From these we may write the five-dimensional gauge
fields V ggµ (x, z) and A
gg
µ (x, z) in Eq. (26) in the form
V ggµ (x, z) = α
gg
µ‖ + αˆµ‖ψ
V
1 +
O(p3)
m2
V ggn
,
Aggµ (x, z) = αˆµ⊥ψ
A
0 +
O(p3)
m2
Aggn
. (52)
For the bulk scalar ΦggS , we may introduce an IR po-
tential (which will not be specified here) to realize its
nonzero VEV of ΦggS even in the chiral limit [6] and al-
low the scalar and pseudoscalar KK modes Sggn (x) and
P ggn (x) to get the stabilized masses mSggn and mP ggn . Fol-
lowing the order counting rule in Eq.(50), we thus expand
the bulk scalar and pseudoscalar sectors as
SSn =
1
g25
∫
d4xdz
∑
n
tr
[{[
8a3vS(ψ
A
0 )
2ψSn
]
αˆ2µ⊥ −
[
2a5uSm
2
ΦSψ
S
n + 2u˙Sa
3ψ˙Sn
]
χS
}
Sggn
]
−
∫
d4x
∑
n
m2Sntr
[
(Sggn )
2
]
+O(p6) ,
SPn =
1
g25
∫
d4xdz
∑
n
tr
[{(−4a3vSψA0 ψPn )Dµαˆµ⊥ + (4a3vS(1 + ψV1 )ψA0 ψPn ) i [αˆµ‖, αˆµ⊥]
−
[
2a5uSm
2
Φ + 2u˙Sa
3ψ˙Pn
]
χP
}
P ggn
]
−
∫
d4x
∑
n
m2Pntr
[
(P ggn )
2
]
+O(p6) , (53)
8where
Dµαˆµ⊥ ≡ ∂µαˆµ⊥ − i [V µ, αˆµ⊥] . (54)
Here, the IR boundary terms for Sggn and P
gg
n have been fully eliminated by imposing some IR BCs (as done in [30]),
which are not specified here. From the action in Eq.(53) we derive the equations of motion for Sggn and P
gg
n to find
the solutions
(Sgg(n≥1))
A =
1
g25

 tr
[(
bs1n αˆ
2
µ⊥ + b
s2
n χS
)
TA
]
m2
Sggn
+
O(p4)
m2
Sggn

 ,
(P gg(n≥1))
A =
1
g25
[
tr
[(
bp1n i
[
αˆµ‖, αˆ
µ
⊥
]
+ bp2n χP
)
TA
]
m2
P ggn
+
O(p4)
m2
P ggn
]
, (55)
with
bs1n =
〈
8a2vS(ψ
A
0 )
2ψSn
〉
,
bs2n =
〈
−2u˙Sa2ψ˙Sn − 2m2ΦSa4uSψSn
〉
,
bp1n =
〈
4a2vS
(
F 2σ
F 2pi
+ ψV1
)
ψA0 ψ
P
n
〉
,
bp2n =
〈
−2u˙Sa2ψ˙Pn − 2m2ΦSa4uSψPn − 4Ba2vSψA0 ψPn
〉
, (56)
where A˙(z) ≡ ∂zA(z) and
〈A〉 ≡
∫ zIR
zUV
dza(z)A(z) , (57)
for an arbitrary function A(z). In arriving at Eq.(55) we
used the equation of motion for αˆµ⊥ derived from the
generic HLS Lagrangian Eq. (47),
Dµαˆµ⊥ = − i
(
F 2σ
F 2pi
− 1
)[
αˆµ‖, αˆ
µ
⊥
]
+BχP +O(p4) .
(58)
By putting the solutions in Eqs. (51) and (55) back
into the DBI action, Eq. (45), we thus find
SDBI =
∫
d4x
(LHLS +O(p6))+ S[vS ] , (59)
where
S[vS ] = − 1
g25
∫
d4x
∫ zIR
zUV
dz a3
[
(∂zvS)
2
+ a2m2ΦSv
2
S
]
.
(60)
Consequently, the coefficients of terms in the general HLS
Lagrangian LHLS given in Eq. (47) are now expressed by
the hQCD model quantities written in terms of the inte-
grals over the z direction (for convenience and simplicity,
we have redefined ψV1 as −ψV1 ),6
F 2pi =
1
g25
〈[
ψ˙A0
]2
+ 4a2v2S
[
ψA0
]2〉
, F 2σ =
1
g25
m2ρ
〈[
ψV1
]2〉
,
1
g2
=
1
g25
〈[
ψV1
]2〉
,
BF 2pi =
2
g25
〈
a2
(−u˙S∂z − a2m2ΦSuS) vS〉 ,
y1 = − 1
g25
〈
(1 + ψV1 − [ψA0 ]2)2
〉
+
1
4g45
∑
n
[
bs1n
]2
m2
Sggn
, y2 =
1
g25
〈
(1 + ψV1 − [ψA0 ]2)2
〉
,
6 Using the equation of motion for ψA
0
in Eq. (29), with the BC,
ψA
0
(zUV) = 1 and ψ˙
A
0
(z = zIR) = 0, we may rewrite Fpi in
Eq. (61) as F 2pi = −
1
g2
5
a(zUV)ψ˙
A
0
(z = zUV), which is in agree-
ment with the chiral-limit expression obtained in Ref. [5] with
a(z) = 1/z.
9y3 = − y4 = − 1
g25
〈[
ψV1
]2 (
1 + ψV1
)2〉
, y5 = − 2
g25
〈[
ψV1
]2 [
ψA0
]2〉
,
y6 =
2
g25
〈[
ψV1
]2 [
ψA0
]2 − ψV1 (1 + ψV1 )(1 + ψV1 − [ψA0 ]2)〉 ,
y7 =
2
g25
〈
ψV1
(
1 + ψV1
)(
1 + ψV1 −
[
ψA0
]2)〉
+
1
2g45
∑
n
[
bp1n
]2
m2
P ggn
,
y8 = − 1
g25
〈[
ψV1
]2 [
ψA0
]2〉− 1
4g45
∑
n
[
bp1n
]2
m2
P ggn
, y9 =
2
g25
〈[
ψV1
]2 [
ψA0
]2〉
,
z1 = − 1
2
1
g25
〈
(1 + ψV1 )
2
〉
, z2 = − 1
2
1
g25
〈[
ψA0
]2〉
, z3 =
1
g25
〈
ψV1
(
1 + ψV1
)〉
,
z4 = 2
1
g25
〈
ψV1
(
1 + ψV1 −
[
ψA0
]2)〉
, z5 = − 2 1
g25
〈[
ψV1
]2 (
1 + ψV1
)〉
,
z6 = − 2 1
g25
〈(
1 + ψV1 −
[
ψA0
]2) (
1 + ψV1
)〉
, z7 = 2
1
g25
〈
ψV1
(
1 + ψV1
)2〉
, z8 = − 2 1
g25
〈
ψV1
[
ψA0
]2〉
,
4Bw1 =
8
g25
〈
a2vSuS
[
ψA0
]2〉
+
1
2g45
∑
n
bs1n b
s2
n
m2
Sggn
, 4Bw3 = 0 ,
4Bw5 =
4
g25
〈
a2vSuSψ
A
0
[
F 2σ
F 2pi
+ ψV1
]〉
+
1
2g45
∑
n
bp1n b
p2
n
m2
P ggn
,
16B2 w6 = − 1
g25
〈
a2
[
u˙2S + a
2u2Sm
2
ΦS
]〉
+
1
4g45
∑
n
[
bs2n
]2
m2
Sggn
,
16B2 w8 =
1
g25
4B
〈
a2vSuSψ
A
0
〉
+
1
g25
〈
a2
[
u˙2S + a
2u2Sm
2
ΦS
]〉− 1
4g45
∑
n
[
bp2n
]2
m2
P ggn
. (61)
Note the absence of the w3 term because we have as-
sumed flavor symmetry, i.e, vS ∝ 1Nf×Nf , in which case
there is no coupling between the bulk vector field and
the scalar VEV in the original action Eq. (45). If the
flavor symmetry breaking effect was taking into account,
we would have nonzero w3.
Using the expressions of the low-energy constants of
HLS given in Eq. (61), one can compute the numeri-
cal values which are useful for phenomenological applica-
tions. To do this, we need to specify the IR potential of
ΦS , for example, like the one proposed in Ref. [30]. We
leave such a concrete model calculation for future work
since the present subject is to propose a procedure to
obtain the chiral effective theories from hQCD models.
The normalizable solution of the VEV, vS(z), can be
obtained by solving Eq.(36) with Φ0S(z) = vS(z) along
with the normalizable BC,
vS(z)
uS(z)
∣∣∣∣∣
z=zUV
= 0 , vS(z)|z=zIR =
ξ
L
, (62)
where ξ denotes the IR value of vS(z) which is related to
the chiral condensate 〈q¯q〉. (We take ξ to be negative so
as to have the negative chiral condensate 〈q¯q〉 < 0.) Note
that the UV BC in Eq. (62) follows from the parametriza-
tion of ΦS in Eq. (35) with the BC in Eq. (37).
To be specific, we take the standard AdS space, i.e.,
a(z) = L/z, to explicitly solve the equation of motion,
Eq.(36). The explicit expression of the function uS(z) is
then given as the non-normalizable solution of Eq.(36),
which turns out to be uS(z) = (z/L)
4−∆. This leads to
vS(z) =
ξ
L
(
z
zIR
)∆
1− (zUV/z)2(∆−2)
1− (zUV/zIR)2(∆−2)
. (63)
Substituting the solution given by Eq. (63) into the
(BF 2pi ) term in Eq. (61), we obtain
BF 2pi = −
L
g25
2(4−∆)ξ
z3IR
(zIR
L
)3−∆
. (64)
On the other hand, by using the functional derivative, we
may identify the chiral condensate 〈q¯q〉 as
δSDBI
δM
∣∣∣∣∣
M=0
= − 〈q¯q〉 . (65)
The holographic correspondence between the QCD gen-
erating functional and the hQCD action then yields
〈q¯q〉 = −BF 2pi =
L
g25
2(4−∆)ξ
z3IR
(zIR
L
)3−∆
. (66)
Consequently, the BF 2pi term in L(2)χHLS is reexpressed as
− 〈q¯q〉tr[χS ] . (67)
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Taking Nf = 2 and expanding the ξ
gg
L,R fields in χS ,
we thus see that at the O(p2) level the GOR relation is
manifestly realized as
m2piF
2
pi = −(mu +md)〈q¯q〉 , (68)
in agreement with Refs. [5, 30]. The GOR relation, of
course, gets corrections from terms of O(p4) [31] in a
proper manner, as in the ChPT.
If one worked on a metric other than the AdS, a similar
discussion could be done once the warping factor a(z),
the associated the non-normalizable solution uS(z), and
the normalizable one vS(z) are specified.
IV. THE IP-ODD SECTOR OF THE HIDDEN
LOCAL SYMMETRY LAGRANGIAN
We next move on to the CS term in Eq. (6) and attempt
to integrate out the heavy KK modes to obtain the IP-
odd sector of the HLS Lagrangian [11, 18].
Before making the explicit integrating-out procedure,
we first consider the gauged-chiral transformation of the
CS part in Eq. (6) with the infinitesimal parameters
ΛL,R:
δΛL,RSCS =
Nc
24pi2
∫
M4
∫ zIR
zUV
d [ω4(ΛR, R)− ω4(ΛL, L)]
=
∫
M4
{[
ω4(ΛL, L)− ω4(ΛR, R)
]
z=zUV
− [ω4(ΛL, L)− ω4(ΛR, R)]z=zIR
}
,
(69)
where the first term exactly reproduces the desired chiral
anomaly in QCD, while the second term gives an extra
contribution. To cancel it, one needs to add a countert-
erm Scounter which satisfies
δΛL,RScounter =
∫
M4
{
ω4(ΛL, L)− ω4(ΛR, R)
}
z=zIR
.
(70)
We next explicitly determine the counterterm in the
Lz = Rz = 0 gauge. In this gauge the CS term takes the
following form:
SCS = S
(1)
CS + S
(2)
CS + S
(3)
CS , (71)
where
S
(1)
CS = −
Nc
240pi2
∫
M4×z
[
tr
(
iggRdg
g†
R
)5
− (R↔ L)
]
,
S
(2)
CS = −
Nc
24pi2
∫
M4×z
[
dα4
(
idgg†R g
g
R, R
)
− (R↔ L)
]
,
S
(3)
CS =
Nc
24pi2
∫
M4×z
[ω5 (R
g)− (R↔ L)] , (72)
with the definitions
ω5(A
g) = tr
[
AgdAgdAg − 3
2
i(Ag)3dAg
]
,
α4(V,A) = − 1
2
tr
[
V
(
iAdA+ idAA+A3
)
− 1
2
V AV A− V 3A
]
. (73)
The definitions of ggR and g
g
L in Eq. (72) are given in
Eq. (13).
The first term in Eq. (71) can be rewritten into a to-
tal derivative independent of gauge configuration. Since
ggR,L(z = zUV) = ξ
g
R,L and g
g
R,L(z = zIR) = 1, S
(1)
CS is only
written in terms of ξgR,L. Fixing the local-chiral gauge by
taking ξgR = 1 and ξ
g
L = U
†, we thus find that the S
(1)
CS
term is identical to the Wess-Zumino term
S
(1)
CS = −
Nc
240pi2
∫
M5
tr[idUU †]5 = ΓWZ[U ] . (74)
The S
(2)
CS term in Eq. (71) is evaluated as
S
(2)
CS =
Nc
24pi2
∫
M4
[
α4(idg
g†
L · ggL, L)− (R↔ L)
]z=zIR
z=zUV
=
Nc
24pi2
∫
M4×z
[
α4(idξ
g†
R · ξgR, R)− (R↔ L)
]
z=zUV
.
(75)
Combining all three terms in (71), one thus finds the
CS term takes the form
SCS = ΓWZW + Γ
inv
HLS + ΓIR , (76)
where ΓWZW stands for the (covariantized) Wess-
Zumino-Witten term [17]. ΓinvHLS denotes the HLS/chiral
invariant term [13] expressed as
ΓinvHLS =
Nc
12pi2
∫
M4×z
tr
[
3AgdV gdV g +AgdAgdAg
−3i ((V g)2Ag +Ag(V g)2 + (Ag)3) dV g
−3i(AgV gAgdAg)nonzero
]
, (77)
where “nonzero” means terms including at least one mas-
sive vector or axial-vector field. The last term, ΓIR, in
Eq. (76) gives an extra contribution to the pi0-γ-γ vertex
which is controlled by the low-energy theorem of chiral
dynamics. Through explicit calculations, we obtain
ΓIR = − Nc
12pi2
∫
M4
tr
[
(V gdV g + dV gV g)Ag − 3
4
i
(
(V g)3Ag + V g(Ag)3
)]z=zIR
+
iNc
12pi2
∫
M4
tr
[
αg‖α
g3
⊥
] [
ψA0 (zIR)
]3
11
− Nc
12pi2
∫
M4
tr
[
(Ag)3V g
]z=zIR
nonzero
. (78)
To cancel this term, we introduce a counterterm Γc in
such a way that
ΓIR + Γc = 0 . (79)
We shall now integrate out the heavier vector and
axial-vector meson fields from the CS term, except the
lowest-lying vector meson fields, in a way similar to
the DBI part. For this purpose, all we should do is
fix the gauges except for the HLS regarding the light-
est vector meson ρ (and its flavor partners) and set the
five-dimensional vector and axial-vector fields as V gg =
αgg‖ + αˆ‖ψ
V
1 and A
gg = αˆ⊥ψ
A
0 and substitute them into
the HLS invariant action ΓinvHLS in Eq. (77). Then we have
ΓinvHLS =
Nc
12pi2
∫
M4×z
tr[3AggdV ggdV gg +AggdAggdAgg
−3i ((V gg)2Agg +Agg(V gg)2 + (Agg)3) dV gg − 3i(AggV ggAggdAgg)nonzero]
= − Nc
4pi2
∫
M4
∫ zIR
zUV
dz tr[Agg∂zV
ggdV gg +AggdV gg∂zV
gg
−i ((V gg)2Agg +Agg(V gg)2 + (Agg)3)∂zV gg − i(AggV ggAgg∂zAgg)nonzero] . (80)
We thus find
ΓinvHLS =
Nc
24pi2
∫
M4
{
x1tr
[(
αˆ⊥αˆ‖ − αˆ‖αˆ⊥
)
FV
]
+ ix2tr
[
αˆ⊥αˆ
3
‖
]
+ ix3tr
[
αˆ‖αˆ
3
⊥
]
+ x4tr
[(
αˆ⊥αˆ‖ − αˆ‖αˆ⊥
)
FˆV
]}
,(81)
where the coefficients xi(i = 1, 2, 3, 4) are expressed in
terms of hQCD quantities as
x1 =
〈〈
6ψV1 ψ
A
0 ψ˙
V
1
〉〉
,
x2 =
〈〈
12ψV1 ψ
A
0 ψ˙
V
1 (1 + ψ
V
1 )
〉〉
,
x3 =
〈〈
4ψA0 ψ˙
V
1 (−[ψA0 ]2 + 3ψV1 + 3)
〉〉
,
x4 =
〈〈
−6 (ψV1 + 1)ψA0 ψ˙V1
〉〉
, (82)
with the definition
〈〈A〉〉 ≡
∫ zIR
zUV
dzA(z) , (83)
for an arbitrary function A(z). The c1-c4 coefficients in
the literature [11] are expressed in terms of xi as
c1 = − 1
12
x2 +
1
12
x3 ,
c2 = − 1
12
x2 − 1
12
x3 ,
c3 = − 1
3
x1 ,
c4 = − 1
3
x4 . (84)
Actually, the overall coefficients of x1, x2, x3 and x4 (or
c1, c2, c3 and c4) are different by a factor 2 from those
reported in Ref. [13] based on the Sakai-Sugimoto model.
This reflects the ambiguity in the subtracting scheme in
Eq.(79), as will be argued later.
V. CHIRAL PERTURBATION THEORY FROM
BOTTOM-UP HQCD MODELS
We may further integrate out the vector meson fields to
derive the ChPT described only by the NGBs. Repeating
the procedure done above and using the formulas relating
the HLS to the ChPT given in Ref. [11], we thus find
LChPT = L(2)ChPT + L(4)ChPT , (85)
where
L(2)ChPT =
F 2pi
4
tr
[
DµUD
µU †
]
+
BF 2pi
8
tr
(
χ†U + χU †
)
,
L(4)ChPT = L1
(
tr
[
DµU
†DµU
])2
+ L2
(
tr
[
DµU
†DνU
])2
+ L3tr
[
DµU
†DµU)2
]
+ L4tr
[
DµU
†DµU
]
tr
[
χ†U + h.c.
]
12
+ L5tr
[
DµU
†DµU
(
χ†U + h.c.
)]
+ L6
(
tr
[
χ†U + h.c.
])2
+ L7
(
tr
[
χ†U − χU †])2 + L8tr [χ†Uχ†U + h.c.]
− iL9tr
[LµνDµUDνU † +RµνDµU †DνU]+ L10tr [U †LµνURµν]+H1tr [L2µν +R2µν]+H2tr [χ†χ] , (86)
with DµU = ∂µU − iLµU + iURµ and χ = 2BM. In terms of the hQCD quantities, the coefficients of the O(p2)
terms are the same as those given in Eq. (61), and the O(p4) coefficients are
L1 =
1
32
(
1
g2
− z4 + y2
)
=
1
32g25
〈[
1− (ψA0 )2]2
〉
, L2 =
1
16
(
1
g2
− z4 + y2
)
=
1
16g25
〈[
1− (ψA0 )2]2
〉
,
L3 =
1
16
(
− 3
g2
+ 3z4 + y1 − 2y2
)
= − 3
16g25
〈[
1− (ψA0 )2]2
〉
+
1
64g45
∑
n
(bs1n )
2
m2
Sggn
,
L4 =
1
4
w2 = 0 , L5 =
1
4
w1 =
1
B
[
1
2g25
〈
a2vSuS
(
ψA0
)2〉
+
1
32g45
∑
n
bs1n b
s2
n
m2
Sggn
]
,
L6 = w7 = 0 , L7 = w9 = 0 ,
L8 = w6 + w8 =
1
B
[
1
g25
〈
a2vSuSψ
A
0
〉]
+
1
64B2g45
∑
n
[(
bs2n
)2
m2
Sggn
−
(
bp2n
)2
m2
P ggn
]
,
L9 =
1
8
(
2
g2
− 2z3 − z4 − z6
)
=
1
4g25
〈
1− (ψA0 )2〉 , L10 = 14
(
− 1
g2
+ 2z3 − 2z2 + 2z1
)
= − 1
4g25
〈
1− (ψA0 )2〉 ,
H1 =
1
8
(
− 1
g2
+ 2z3 + 2z2 + 2z1
)
= − 1
8g25
〈
1 +
(
ψA0
)2〉
,
H2 = 2(w6 − w8) = 1
B
[
− 2
g25
〈
a2vSuSψ
A
0
〉]
+
1
B2
{
1
4g25
〈
a2
[
u˙2S + a
2u2Sm
2
ΦS
]〉
+
1
32g45
∑
n
((
bs2n
)2
m2
Sggn
+
(
bp2n
)2
m2
P ggn
)}
, (87)
where the parameter B is determined by Eq. (66).
As previously mentioned, all the low-energy constants
given in Eq. (87) can numerically be computed once an
explicit expression of the bulk scalar potential is speci-
fied. However, even without specifying the bulk scalar
potential, we can draw several interesting observations
through our derivations:
• The coefficients Li satisfy relations 2L1 − L2 =
L4 = L6 = 0 and L7 = 0 which are consistent with
the large Nc limit without the η
′-exchange contri-
bution to L7 [20].
• The ψV1 dependence in Li completely disappears in
our integrating-out procedure. This can be under-
stood by noting that our integrating-out procedure
is equivalent to eliminating the massive KK modes,
i.e., setting ψVn = ψ
A
n = 0 in Eq. (26).
• A holographic prediction L9 + L10 = 0 has been
derived, which allows us to derive a new sum rule
∑
n≥1
[
F 2An
m2An
− F
2
Vn
m2Vn
+
2F 2piFVngVnpipi
m3Vn
]
= 0 , (88)
where we make use of the following infinite-sum
expressions for L9 [i.e., charge radius of pion 〈r2pi±〉]
and L10 (i.e., difference of vector and axial-vector
current correlators ΠV−A),
L9 =
F 2pi
12
〈r2pi±〉 =
F 2pi
2
∑
n≥1
FVngVnpipi
m3Vn
,
L10 =
1
4
d
dQ2
[
ΠA(Q
2)−ΠV (Q2)
] ∣∣∣∣∣
Q2=0
=
1
4
∑
n≥1
[
F 2An
m2An
− F
2
Vn
m2Vn
]
, (89)
with the Vn and An decay widths FVn and FAn ,
and the Vn-pi-pi coupling constant gVnpipi. (A simi-
lar sum rule was derived in Ref. [23] from a hQCD
model without bulk scalars. ) The holographic
prediction (L9 + L10) = 0 gives a phenomenolog-
ical implication: The pion axial-vector form fac-
tor FA vanishes, which is, however, disfavored by
the experiments [22]. This point was first argued
in Ref. [6], on a holographic setup similar to the
present hQCD with bulk scalars, which was only
through a numerical estimate for L9 and L10.
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VI. SUMMARY
In this work, we proposed a gauge-invariant method
to integrate out the heavy KK modes from a class of
bottom-up hQCD models including bulk scalars. We in-
tegrated out heavy KK modes from the hQCD model to
arrive at the chiral effective theory, HLS-ChPT, based
on the derivative expansion, including the NGBs and the
lowest-lying vector mesons ρ and their flavor partners.
All the coefficients of the chiral effective theories were
then expressed in terms of a few intrinsic quantities of
hQCD models. The GOR relation was realized properly
at the O(p2) level of the HLS-ChPT reduced from the
hQCD model.
We also found that, to reproduce the desired chiral
anomaly in QCD, not only the CS term but also some
counterterms should be included because of the nontriv-
ial IR values of the five-dimensional gauge fields. The
expressions of the counterterms were explicitly presented
in terms of the five-dimensional gauge fields [Eq. (79)].
The counterterm Γc introduced in Eq.(79) is actu-
ally not unique in canceling the extra contribution from
the IR term ΓIR: It can involve terms invariant un-
der the hidden local/chiral symmetry. This implies that
the coefficients c1, c2, c3 and c4 in the HLS-invariant ac-
tion ΓHLS are actually not determined from the present
setup of the hQCD model. Instead, one needs some phe-
nomenological (at least four) inputs to discuss the IP-
odd processes, including vector mesons, from the model.
Once some phenomenological inputs are set, however,
one could make some IP-odd vertices, calculated from
the hard-wall hQCD model, better fitted to the experi-
mental result, which cannot be achieved by other hQCD
setups like the Sakai-Sugimoto model [13].
We further integrated out the vector mesons from the
HLS Lagrangian to arrive at the ChPT with the co-
efficients expressed in terms of the hQCD quantities.
Through these expressions we found some interesting re-
lations among the coefficients. Remarkably, the relation
between L9 and L10 leads to the vanishing pion axial-
vector form factor FA = 0.
Finally, we emphasize that our expressions of the coef-
ficients in the chiral effective theories can be quite useful
for phenomenological applications in estimating quanti-
ties of low-energy QCD in terms of the well-established
ChPT or HLS-ChPT parameters up to O(p4). Note that
the large amount of coefficients in the chiral effective the-
ory cannot be determined phenomenologically at the mo-
ment, so our approach provides a way to compute the co-
efficients self-consistently without invoking such a large
amount of inputs. As one application, one might think
about the computation of the baryon and baryonic mat-
ter properties from mesonic theories, in which the O(p4)
terms are quite essential [32–34]. However, in Refs. [32–
34] the current-quark mass effect is not taken into ac-
count since the mesonic theory used there is based on
the Sakai-Sugimoto model which, at present, cannot go
beyond the chiral limit. The master formulas presented
in this paper make it possible to develop the analysis, as
done in other references, by including the explicit break-
ing effect.
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